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Introduction

We consider a nonlinear, moving boundary, fluid-structure interaction problem between a time-dependent
incompressible, viscous fluid flow, and an elastic structure composed of a cylindrical shell supported by a mesh of
elastic rods. The fluid flow is modeled by the time-dependent Navier-Stokes equations in a three-dimensional
cylindrical domain, while the lateral wall of the cylinder is modeled by the two-dimensional linearly elastic
Koiter shell equations coupled to a one-dimensional Ayperbolic balance laws defined on a graph domain,
modeling a mesh of elastic curved rods. Two-way coupling based on kinematic and dynamic coupling conditions
is assumed between the fluid and composite structure, and between the mesh of curved rods and Koiter shell.

We prove the existence of a weak solution to this nonlinear, moving boundary F'SI problem.
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Motivation

. Figure 1. Coronary artery treated with a vascular stent

The fluid

Let Q = {(z,2,y) € R3: 2 € (0, L), /22 + y*> < R} and let us denote
by
O"(t) = @"(t,Q2) and I'(t) = @"(¢, 1)

the deformed fluid domain at time ¢, and the corresponding deformed
lateral boundary, respectively, where 13 denotes the lateral boundary
displacement, and ¢" is an arbitrary, injective and orientation pre-
serving mapping that describes the fluid domain deformation. The
time-dependent Navier-Stokes equations are used to model the flow in
Q1(1):

pr (dru+ (u- ?.“U)l - z 7 } n Q7(1),t € (0,T)
At the inlet and outlet boundaries, we prescribe zero tangential velocity
and dynamic pressure:
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The shell

A clamped cylindrical Koiter

length L, and reference radius of the middle surface elastic body defined as a union of three-dimensional
R can be defined via parameterization struts. Since struts are slender or "thin”, we ap-
0 w— R p(z,0) = (2, Reosd, Rsin ), proximate it with one-dimensional curved rod mo-

where w = (0, L) x (0,27), and R > 0. Under the
action of force, the Koiter shell is displaced from its

reference configuration I' by
n(t,z,0) = (1,7, M)

Given a load f, the displacement i of the Koiter psA;0°d; = O,p; + 1,

shell is a solution to the following elastodynamics psM;07w; = O,q; + t; X pi,
problem in weak form: find n = (n.,n.,m9) € Vi 0 = dsw; — Q:H. QT q;,
such that: 0 =0.d;+t; X WZ.

prch / O;n- Y R+(Ln, )

where Vi denotes the solution /test space equipped f
with the boundary conditions.

— / f-pR, Y € Vi, Here, d; is the displacement of the middle line of
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The mesh

shell of thickfiess h, We describe an elastic mesh as a three-dimeéfisional

del. For the 1—th curved rod, the middle line is
parameterized via

P, 0,l;] > W), i=1,...,ng,

and on each strut we have next family of equations:

a displacement n =

the ¢—th rod, w; is the infinitesimal rotation of

he cross-section of the 1—th rod, q; is the contact

moment, and p; is the contact force.
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The fluid-composite structure coupling

Problem 1. Find (u, p,n,d, w) such that

pr(Ou+ (u-Viu) = V-

Om = (uo @")|roep

0 = dyw; — Q;H; 'Qlq;
0=0d; +t;, x WZ

data of the problem

%E(t) + D(t) < C(P(t), Polt)).

\

In summary, we study the following fluid-structure interaction problem.
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Problem 1 is supplemented with the corresponding set of boundary and initial conditions. Further-
more, the formal energy estimates show that the total energy E(t) of the problem is bounded by the

Definition of a weak solution

We say that (u,n,d, w) € V(0,T) is a weak solution of Problem 1, if for'all test
functions (v, 1, &,¢) € Q(0,T) the following equality holds:

PF( //Qn u- Gthr/ b(tuuv——/ /rn u-v)(u- n))

+2ﬂpn/0 Q%)D(H)ID ,OKh/ /at"? 5’t¢R+/ arx(n, V)
_pSiZiAi/OT/Oliatdi’atgi_pS;/O /o M;0w; - OiG,

+/OTCLS(W ¢) = /T<F(t) v) m/ouHrPF/ v(0) +:0Kh/wat’70'¢(0)R
+ngA / O,dy; - € +pSZ/ M;0ywy; - €,(0).

Assumptlon 1 There exists a time T > 0 such that for every t < T, 1M(t)
remains a subgraph of a function.

Assumption 2 There exists a constant C > 0, independent of N, such that
the structure displacements (ny)nen satisfy: || ny|lcqorwiew) < C.

/

The existence proof

e Define Arbitrary Lagrangian-Eulerian mapping to over-
come the difficulties that arise due to the domain motion.

and extract weak converging subsequences.

e Use a version of Aubin-Lions-Simon lemma to show that
sequences of approximate solutions are relatively compact
in L? and extract strongly converging subsequences.

e Construct appropriate test functions and pass to the limit. \

Main theorem

Let up € LAQ(t)), my € H'(w), vo € LA(R;w), (do, wo) € Vs,
(ko, z9) € L*(N;R®) be such that

holds, and that the subgraph property specified in Assumption 1 holds.
Then, for every t < T, where T is the maximal time for which the
subgraph property holds, there exists a weak solution to Problem 1
satistying the weak formulation.
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