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Motivations

Q 70 Outline of the talks:
@ Classical equations
@ Study of the Cauchy problem in the

@ viscous case
@ Close-to-contact motion of rigid bodies

Figure 1. Rigid bodies in a fluid
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Motivations

Q 70 Outline of the talks:
@ Classical equations
@ Study of the Cauchy problem in the

@ viscous case
@ Close-to-contact motion of rigid bodies
Q O Motivations :

@ help numerical simulations
@ find the limits of classical equations

Figure 1. Rigid bodies in a fluid
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| Classical equations
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Classical equations Solid dynamics

Solid description

Description of solid 5
O Shape B cC R" (n = 2,3):

oB; e C*1, / xdx = 0
B,

Position Bi(t) :
Q @ Bi(t) = Qi(t)Bi + Gi(t),

where :

Gi(t) e R", Qi(1)Q" (t) = In.

Figure 1. Rigid bodies in a fluid Qi(0) =1
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S GTERES
Solid description

Description of solid 5;
O

Density p; € (0,00)

Mass m; € (0, c0),

a~Jib=pi/B lax Q] [b x Qy]dy.

Figure 1. Rigid bodies in a fluid
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Solid dynamics
Solid dynamics

Solid kinematics : Velocity-field
Ui = Vi +wi X (X —Gi)7

where V, = Gj,and wi x"="QQ :

Solid dynamics.

mi% — _/ ZinidUi
dt 2B;(t)
(NL) diJiwi
Tl — [ x-clximnld
dt 8B, (1)

Notations : X stress tensor, n; unit normal (toward B;(t)).

M. Hillairet (Ceremade) Solids in a viscous fluid September, 2011 5/23



Solid dynamics
Solid dynamics

Solid kinematics : Velocity-field

Ui = Vi + wi ><(X—Gi)7

-+ (39)

where V, = Gj,and wi x"="QQ :
o= (%)
X2

Solid dynamics.

mi% — _/ ZinidUi
dt 2B;(t)
(NL) diJiwi
Tl — [ x-clximnld
dt 8B, (1)

Notations : X stress tensor, n; unit normal (toward B;(t)).

M. Hillairet (Ceremade) Solids in a viscous fluid September, 2011 5/23



S GTERES
Solid dynamics

Solid kinematics : Velocity-field

Ui = Vi + wi ><(X—Gi)7

-+ (39)

where V, = Gj,and wi x"="QQ :
o= (%)
X2

Solid dynamics.

mi% = —/ ¥in; do; +/ pif
dt o8, Bi(D)
(NL) i
—[ IWI] = —/ [X—Gi] X [Zini]dai+/ pi[X—Gi] x f
dt 0B, (1) Bi(1)

Notations : X stress tensor, n; unit normal (toward B;(t)).
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S GTERES
Solid dynamics

Solid kinematics : Velocity-field

Ui = Vi + wi ><(X—Gi)7

-+ (39)

where V, = Gj,and wi x"="QQ :
o= (%)
X2

Solid dynamics.

mi% = —/ ¥in; do; +/ pif
dt o8, Bi(D)
(NL) i
—[ IWI] = —/ [X—Gi] X [Zini]dai+/ pi[X—Gi] x f
dt 0B, (1) Bi(1)

Notations : X stress tensor, n; unit normal (toward B;(t)).

X
<x;) X <§2) = X1Y2 — Y2X1
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I e
Fluid equations

Fluid description
@ density p, viscosities u, A
@ velocity-field u, pressure p

Fluid equations Compressible Navier Stokes equations

p(du+u-Vu) = divI+pf
(CNS) Gp+dv(pu) = 0 on F(t)
p = ap’

Fluid assumptions
@ Compressible or Incompressible (constant-density)
@ Inviscid or Viscous (newtonian)
¥ = u[Vu + V "u] — (p + Adivu)I,
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I e
Fluid equations

Fluid description
@ density p, viscosities u, A
@ velocity-field u, pressure p

Fluid equations Incompressible Navier Stokes equations

p(du+u-Vu) = divI+pf
(INS) divu = 0 on F(t)
p = cstt

Fluid assumptions
@ Compressible or Incompressible (constant-density)
@ Inviscid or Viscous (newtonian)
Y = p[Vu+ V' u] - plh
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I e
Fluid equations

Fluid description
@ density p, viscosities u, A
@ velocity-field u, pressure p

Fluid equations Euler equations

p(u4+u-Vu) = divZ +pf
(E) dvu = 0 on F(t)
p = cstt

Fluid assumptions
@ Compressible or Incompressible (constant-density)
@ Inviscid or Viscous Newtonian
Y = —pl,
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Interactions
Interactions

@ The fluid domain is fixed by solid positions :

Ft)=Q\ UBi(t).

@ Boundary conditions are fixed by solid dynamics:
9 Impermeability conditions :

(BCi) (u—uj)-nj =00ndBj(t), u-ng=0 onodQ
@ No-slip conditions :
(BCns) (u—uj) xnj =00n9Bj(t), uxng=0 onoN

@ Continuity of stress tensor :
Y=Y Vi
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Interactions
Interactions

@ The fluid domain is fixed by solid positions :

Ft)=Q\ UBi(t).

@ Boundary conditions are fixed by solid dynamics:
9 Impermeability conditions :
(BCi) (u—uj)-nj =00ndBj(t), u-ng=0 onodQ
@ Slip conditions :
(BCs) (u —uj) x nj = =G[Zn;] x nj on 9B;(t), u X ng=—LFp[XNng] x Nng 0on o2

@ Continuity of stress tensor :
Y=Y Vi
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Classical equations Interactions

Il Construction of solutions

M. Hillairet (Ceremade) Solids in a viscous fluid September, 2011 9/23



Local-in-time solutions
Full system (v-FSIS)

N=1 Q=R? f=0 p=1

ou+u-Vu) = divx, =
{ S ¥(6,x) € Qr == {(t,X), x € R\ Ba(1)},
u(t,x) = Vi(t) + wi(t) x (x = G1), Vx € IBy(t), ‘Xllim)ou(t,x) =0.
dvy /
m-— = - Yn;doy,
1 dt 0B (1) 1 1
N d[wﬂ = —/ [X — Gl] X [an] d(fl7
dt OB (t)

Y =¥(u,p) :=pu(Vu+ V' u)—pl,,
u(0,)=u’, G1(0)=G}, Vi(0)=V{, wi(0)=w?, Qi(0)=1I.
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Construction of solutions Local-in-time solutions

Full system (v-FSIS)

N=1 Q=R? f=0 p=1

ou+u-Vu) = divx, =
{ ot 2 0. V(t,x) € Qr = {(t,x), x € B\ By()},
u(t,x) = Vi(t) + wi(t) x (x = G1), Vx € IBy(t), ‘Xlllnoou(t,x) =0.
dvy /
m-— = - Yn;doy,
gt 8.1 1001
N d[wﬂ = —/ [X — Gl] X [an] d(Tl7
dt 2B4(1)

¥ =¥(u,p) :=2uD(u) — pla,
u(0,)=u’, G1(0)=G}, Vi(0)=V{, wi(0)=w?, Qi(0)=1I.
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Construction of solutions Local-in-time solutions

Change of geometry
T. Takahashi '03, M. Tucsnak & T. Takahashi '04

t — (V1,w1) is given

Local velocity around the solid body :

Ul(t,X) = Vl(t) +w1(t) X (X — Gl(t))
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Construction of solutions Local-in-time solutions

Change of geometry
T. Takahashi '03, M. Tucsnak & T. Takahashi '04

t — (Vi,w1) is given

Local velocity around the solid body :

uy(t,x) = v+ [wl(t)|x — Gy (t)? = Va(t) x (x — Gl(t)] .
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Construction of solutions Local-in-time solutions

Change of geometry
T. Takahashi '03, M. Tucsnak & T. Takahashi '04

t — (V1,w1) is given

Local velocity around the solid body : r = 2 diam(B;)

L At,x)=V" [X, (x — G) (wl(t)|x ~Gy(t)2 = Va(t) x (x — Gl(t))] .

where
xi(y)=1, Vly|<r, x(y)=0, Vly|>2r.
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Construction of solutions Local-in-time solutions

Change of geometry
T. Takahashi '03, M. Tucsnak & T. Takahashi '04

t — (V1,w1) is given

Local velocity around the solid body : r = 2 diam(B3)
L At,x)=V* [X, (x — G) (wl(t)|x ~Gy(t)2 = Va(t) x (x — Gl(t))] .
where

xe(y)=1, vlyl<r, x(y)=0, Vly|>2r.

Local displacement around the solid body : X solution to

X(O,y) =Y, 2
9 {X(t,y) mEXty). Y ER
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Construction of solutions Local-in-time solutions

Change of geometry
T. Takahashi '03, M. Tucsnak & T. Takahashi '04

t — (V1,w1) is given

Local velocity around the solid body : r = 2 diam(B3)
L At,x)=V* [Xr (x — G) (wl(t)|x ~Gy(t)2 = Va(t) x (x — Gl(t))] .
where

xe(y)=1, vlyl<r, x(y)=0, Vly|>2r.

Local displacement around the solid body : X solution to

X(O,y) =Y, 2
9 {X(t,y) mEXty). Y ER

Remarks :
@ X(t,-) is a smooth diffeomorphism
o X(t,y)=y, V]|y—-GY >2r
@ X =1Ip 4+ O(|Va] + |wil),
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Construction of solutions Local-in-time solutions

Change of geometry
T. Takahashi '03, M. Tucsnak & T. Takahashi '04

t — (V1,w1) is given

Local velocity around the solid body : r = 2 diam(B3)
L At,x)=V* [Xr (x — G) (wl(t)|x ~Gy(t)2 = Va(t) x (x — Gl(t))] .
where

xe(y)=1, vlyl<r, x(y)=0, Vly|>2r.

Local displacement around the solid body : X solution to

X(O,y) =Y, 2
9 {X(t,y) mEXty). Y ER

Remarks :
@ X(t,-) is a smooth diffeomorphism
@ X(t,y) = Gu(t) + Qu(t)y, Vly —Gi| <r—|[[Vy;L'(0,1)]
@ X =1Ip 4+ O(|Va] + |wil),
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LA T STl 2T
Change of unknown

Given (u, p, G1, V1, w1) such that
(V1,w1) € C([0, T]; R?) x €([0,T])
we introduce X and Y = X ! together with:

U('[7y) = VY(t,X(t,y))U(t,X(t,y)), ﬁ(t,y) = p(t,X(t,y)),
Vi(t) = Q) (t)Va(t), wi(t) = wi(t).

Definition
A collection (u,p, G1, V1,ws) is a strong solution to (v-FSIS) on (0, T) if

t
(Vi,w1) € HYO,T) x HY(0,T), Gau(t) :/ Vi(s)ds, r>|VELYO,T)|,
0

if T € C([0, T]; HY(F(0))) N L*(0, T; H*(F(0))), P € L*(0,T; Hiso(F(0)))
and (T, P, V1, satisfies the following system :
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LA T STl 2T
Problem in fixed geometry

ou+[Mu]+[Nu] = [Lu]-[Gp], nR2\§
dvi = o0, t
a(t,y) =Vi(t) +@i(t) xy, Vy € By, yllll? u(t,y) =0.
d— _ _ _
ml—Vl = - (U p)nldal — Miw;y X V]_,
ijt 98,
Jlawl = —/ y X (U 5)“1(10’1,
8B,

Vi(0)=V], @(0)=wi, U(0,)=u’
where :
[MuU] ~ u-Vu, [NU] ~ 0&wu—au,

[Li] ~ ubu  [GP] ~ Vp.
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LA T STl 2T
Problem in fixed geometry

ou+[Mu]+[Nu] = [LU]-[Gp], _
{ (Mo [._] Lu]~[Gp] inR?\ By,
divu = 0,
a(t,y) = Va(t) +@i(t) xy, Vye€oBy, yllm u(t,y) =0.
d— _ i _
m—V; = —/ (U p)nldal — Miw;y X V1,
C(ijt o8,
Jlawl = —/ y X (U ﬁ)nldal,
8B,
\_/1(0) = V27 wl(o) = UJ?, U(07 ) = u07
where :
[MT] = of([U,Vi,@]), [NU] = o([U,Vi,@1]),
[LU] = pAU+o0([U,Vi,m1]) [GP] = VP+o([U,Vi,x]).
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LA T STl 2T
Problem in fixed geometry

U = puAU—Vp+F[U,p,Vi,o], )
au p P+ F[U,p, Vi,@1] inR?\ B, ,
divu = 0,
U(t,y) = Vi(t) + ma(t) xy, Vye€adBy, ‘llim u(t,y)=0.
y|—oo
d— _ =
mi—V, = —/ Y (u,p)nidoy + Fm[V1, @],
%t 0B,
Ji—w; = —/ y X Z(U, ﬁ)ﬂldal + Twm [Vl,wl].,
dt o8,
\_/1(0) = V27 wl(o) = UJ?, U(07 ) = u07
where :
[MT] = of([U,Vi,@]), [NU] = o([U,Vi,@1]),
[LU] = pAU+o0([U,Vi,m1]) [GP] = VP+o([U,Vi,x]).
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LA T STl 2T
Strategy for solving the new problem

ou = puAu—-Vp+F,
“ s P inR?\ By,

divu = 0,

u(t,y) =Vi(t) twi(t) xy, Vy€oBy, |y"iL“oo“(t’y) =0.
d
—Vi = — [ X(u,p)nidos + Fum,

dt o8,

J—w1 = —/ y X Z(U,p)ﬂldal +Twm s
dt 8By

Vi(0)=Vi,  wi(0)=wi, u(0,-)=u’,
with polynomial nonlinearities :
FeL?((0,T) x F(0)), Fu€L?0,T), Tw € L?(0,T),
and initial data satisfying the compatibility conditions :
u® e HY(R?\By,) divu®=0, u’(y)=Vi+w)xy VyedB,.
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LA T STl 2T
Analysis of the linear problem

Lemma (M. Tucsnak& T. Takahashi '03)

Given _
FelL?(0,T)xR*\B;), Fumel?0,T), Ty €L?0,T)

and (u%,V° w°) € HY(R?\ B1) x R? x R s.t.
divu® =0, w(y)=Vi+w!xy, VyeadB,

there exists a unique solution (u, p, V1, w1) to the previous system such that

u € C([0,T]; HY(R?\ B1)) NL%(0, T; H*(R?\ B1)) N H'(0,T;L%(R? \ By)),
p € L%0,T;Higc(R?*\Bu)),

Vi € HY0,T),

wi € HY0,T).

Moreover the mapping (u°, V°, w® F,Fu, Tu) — (u,V1,w) is linear continuous.
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LA T STl 2T
Introduction of a suitable operator

Functions spaces
H={vel?Q),divv=0inQ, I(Vy,w) €eR* xR, v(y)=Vy +wy Xy, Vy € Bi}.
V={veH(Q),divv =0inQ, I(Vy,w) € R* xR, v(y)=Vy+wy xy, Vy € B1}.

Remark # is a closed subspace (projector P) of L?(R?) with the scalar product :

(v,w) = / u-W+p1/v-w,
R2\B; By

u-w -+ m]_V\/ . VW + -]OJ\/OJW.
R2\By

Operator definition D(A) = {v € V,v € H*}(R? \ B1)}, A =PA:

1
—pAu, else.

e L '
Av={ m /6812D(u)n1dal + <J /881 zZ % (2D(u)n1)dal(z)> xy, ifyeBy,

M. Hillairet (Ceremade) Solids in a viscous fluid September, 2011 16/23



LA T STl 2T
Analysis of A

Proposition
A is a maximal self-adjoint accretive operator.

Proof.

A is symmetric and positive. Let (v,w) € D(A)? then :

(Av,w) = —M/ Av-w+ u/ D(v)nidoy - Vw + pww/ [z x D(v)n]doy
R2\B; 0By 0By
= 2u/ D(v):D(W):u/ Vv :Vw.
R2\By R2
Ais maximal :

vfeH 3JveD(A) v+Av=f moreover|v;H*(R*\ By)| < |If; #]|.

@ Existence and uniqueness : variational formulation + Lax Milgram theorem
@ Regularity : Ellipticity estimates for Stokes system

M. Hillairet (Ceremade) Solids in a viscous fluid September, 2011 171723



LA T STl 2T
Proof of Lemma [M. Tucsnak& T. Takahashi '03]

Let (F, Fu, Tu) source term and (u®, V°,w°) initial data. Set f and U°
= 1 (t)+iT (t)xy inB V04w xy inB
f(th) = m; M \]1 M ' uo(y) = { uO( ) elsel
F(t,y) else y

Construction of the candidate solution.
There exists a unique solution to u’” = Au + Pf. such that:

ueC([0,T;V)NL*0,T;D(A) NHY0,T; H)

Setu = U‘RZ\El Vi=Vu wi=wy.

u € C([0,T]; HY(R*\ B1)) NH' (0, T;L*(R*\ By)),
V. € HYo,T),
w1 € HYO,T).

+ estimates.
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Local-in-time solutions
Proof of Lemma [M. Tucsnak & T. Takahashi '03]

Verifications.
— div u = 0 and boundary conditions O.K.

Givenw € C°(R?\ By) s.t. divw =0 :

(u',w) = — (Au,w) + (f,w)
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Local-in-time solutions
Proof of Lemma [M. Tucsnak & T. Takahashi '03]

Verifications.

— div u = 0 and boundary conditions O.K.

Given w € C¢°(R? \ By) s.t. divw =0 :

/ au-w= — (Au,w) + (f,w)
R2\By
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Local-in-time solutions
Proof of Lemma [M. Tucsnak & T. Takahashi '03]

Verifications.

— div u = 0 and boundary conditions O.K.

Given w € C¢°(R? \ By) s.t. divw =0 :

/ au-w = uAu-w+(?,w)
R2\By R2\By
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Local-in-time solutions
Proof of Lemma [M. Tucsnak & T. Takahashi '03]

Verifications.

— div u = 0 and boundary conditions O.K.

Given w € C¢°(R? \ By) s.t. divw =0 :

/ U -w = MAu~w+/ f-w
R2\By R2\By R2\By

— there exists a pressure p s.t. du = pAu — Vp +f
+ H? estimate

M. Hillairet (Ceremade) Solids in a viscous fluid September, 2011 19/23



Local-in-time solutions
Proof of Lemma [M. Tucsnak & T. Takahashi '03]

Verifications.

— div u = 0 and boundary conditions O.K.

Given w € C¢°(R? \ By) s.t. divw =0 :

/ U -w = MAu~w+/ f-w
R2\By R2\By R2\By

— there exists a pressure p s.t. du = pAu — Vp +f
+ H? estimate

Given w € C°(R?) s.t. divw = 0andw = V on By : (u’,w) + (Au,w) = (f,w)

I1+m1\'/1~V:IA—2u/ D(U)n1d0'1~v+|f-|—FM~V
oB
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Local-in-time solutions
Proof of Lemma [M. Tucsnak & T. Takahashi '03]

Verifications.

— div u = 0 and boundary conditions O.K.
Givenw € C°(R?\ By) s.t. divw =0 :

/ au-w = uAu~W+/ f-w
R2\B; R2\B; R2\B;

— there exists a pressure p s.t. giu = pAu — Vp +f
+ H? estimate

Given w € C°(R?) s.t. divw = 0and w = V on By : (U/,w) + (Au,w) = (?, w)

miVi -V = Vp-w—2u/ D(u)nidoy -V + Fy - V
By o8B
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Local-in-time solutions
Proof of Lemma [M. Tucsnak & T. Takahashi '03]

Verifications.

— div u = 0 and boundary conditions O.K.
Givenw € C°(R?\ By) s.t. divw =0 :

/ au-w = uAu~W+/ f-w
R2\B; R2\B; R2\B;

— there exists a pressure p s.t. giu = pAu — Vp +f
+ H? estimate

Given w € C°(R?) s.t. divw = 0and w = V on By : (U/,w) + (Au,w) = (?, w)

miVy -V = —/ Y(u,p)nidoy -V +Fy -V
8B,
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Local-in-time solutions
Proof of Lemma [M. Tucsnak & T. Takahashi '03]

Verifications.

— div u = 0 and boundary conditions O.K.
Givenw € C°(R?\ By) s.t. divw =0 :

/ au-w = uAu~W+/ f-w
R2\B; R2\B; R2\B;

— there exists a pressure p s.t. giu = pAu — Vp +f
+ H? estimate

Given w € C°(R?) s.t. divw = 0and w = V on By : (U/,w) + (Au,w) = (?, w)
miVi -V = —/ Y(u,p)nidoy -V +Fy -V
8By

— Newton laws.
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Locak-n-time solutions
Local existence result

Theorem (N = 1, Q = R?)
Given initial data (u?, (G, V?,w?)) € HY(F(0)) x R? x R? x R satisfying

divu®=0 vxe F0), uxX)=Vi+w)x((x—Gj)  VxedBi(0),

there exists To > 0 depending only on the size of initial data such that there exists a
unigue strong solution to (v-FSIS) on (0, To) with the given initial data.
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Locak-n-time solutions
Local existence result

Theorem (N = 1, Q = R?)
Given initial data (u?, (G, V?,w?)) € HY(F(0)) x R? x R? x R satisfying

divu®=0 vxe F0), uxX)=Vi+w)x((x—Gj)  VxedBi(0),

there exists To > 0 depending only on the size of initial data such that there exists a
unigue strong solution to (v-FSIS) on (0, To) with the given initial data.

Theorem (general case)
Given a source term f € L2(0, oo; W>°(Q) N L?()), we assume initial data
(u®, (G2, VP, w)icqa,...ny) satisfy a no-contact assumption and

u® e HY(F(0)) divu®=0 Vxe F(0),

W)=V +w’x (x—GY) VxedBi(0) Vie{l,...,N}.

Then, there exists To > 0 depending only on the size of initial data and the initial
configuration such that there exists a unique strong solution to (v-FSIS) on (0, To) with
the given initial data.
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CaseN =1, Q=R

Theorem (Blow-up alternative)
Given (u%, (G?,V?,w?)) € HY(F(0)) x R? x R? x R satisfying

divu®=0 Vvxe F0), u’X)=Vi4+uw)x(x-G)), VxedBi(0),

there exists a unique maximal strong solution to (v-FSIS) with initial data
(u°,G%, V8, w?). Moreover, the existence time T. of the maximal solution satisfies the
alternative :

@ either T, = c©
@ either T, < oo and limsup,_,¢_[[u(t,-) ; HY(R*\ B1(t))] = oc.

First order estimate. Multiply momentum equation by u.

/ c“)tu+u~Vu:/ divX(u,p)-u
F(t) F(t)
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Theorem (Blow-up alternative)
Given (u°, (G, V9,w?)) € HY{(F(0)) x R? x R? x R satisfying

divu®=0 vxe F0), u’x)=Vi+uw?x(x-G)), VxedaBy(0),

there exists a unique maximal strong solution to (v-FSIS) with initial data
(u°,G%, V8, w?). Moreover, the existence time T. of the maximal solution satisfies the
alternative :

@ either T, = o0
@ either T, < oo and limsup,_,¢_[lu(t,-) ; HY(R?\ B1(t))] = oc.

First order estimate. Multiply momentum equation by u.

2
/ (&4—u~v)%:/ divX(u,p)-u
F(t) F(t)
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Theorem (Blow up alternative)
Given (U, (G?,V?,w?)) € HY(F(0)) x R? x R? x R satisfying

divu®=0 Vvxe F0), X)) =Vi4+uw!x(x-G}), VxecdBi(0),

there exists a unique maximal strong solution to (v-FSIS) with initial data
(u°,G%, V8, w?). Moreover, the existence time T. of the maximal solution satisfies the
alternatlve :

@ either T, = o0
@ either T, < oo and limsup,_,¢_[lu(t,-) ; HY(R*\ B1(t))] = oc.

First order estimate. Multiply momentum equation by u.

%%[/ |u|] /dle(up
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Theorem (Blow up alternative)
Given (U, (G?,V?,w?)) € HY(F(0)) x R? x R? x R satisfying

divu®=0 Vvxe F0), X)) =Vi4+uw!x(x-G}), VxecdBi(0),

there exists a unique maximal strong solution to (v-FSIS) with initial data
(u°,G%, V8, w?). Moreover, the existence time T. of the maximal solution satisfies the
alternatlve

@ either T, = o0
@ either T, < oo and limsup,_,¢_[lu(t,-) ; HY(R*\ B1(t))] = oc.

First order estimate. Multiply momentum equation by u.

%dﬂ [/ |u|2} :/ ):(u,p)n1~udal—2u/ ID(u)?
t ) F 9B1(t) 7
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Theorem (Blow up alternative)
Given (U, (G?,V?,w?)) € HY(F(0)) x R? x R? x R satisfying

divu®=0 Vvxe F0), X)) =Vi4+uw!x(x-G}), VxecdBi(0),

there exists a unique maximal strong solution to (v-FSIS) with initial data
(u°,G%, V8, w?). Moreover, the existence time T. of the maximal solution satisfies the
alternatlve

@ either T, = o0
@ either T, < oo and limsup,_,¢_[lu(t,-) ; HY(R*\ B1(t))] = oc.

First order estimate. Multiply momentum equation by u.

1d
[/ |U|2] <2dt [m1|V1| + J1fwn | ] +2|BI|W12_+/J// |VU|2> .
F(t) F(t)

NI
Sla
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Theorem (Blow up alternative)
Given (U, (G?,V?,w?)) € HY(F(0)) x R? x R? x R satisfying

divu®=0 Vvxe F0), X)) =Vi4+uw!x(x-G}), VxecdBi(0),

there exists a unique maximal strong solution to (v-FSIS) with initial data
(u°,G%, V8, w?). Moreover, the existence time T. of the maximal solution satisfies the
alternatlve

@ either T, = o0
@ either T, < oo and limsup,_,¢_[lu(t,-) ; HY(R*\ B1(t))] = oc.

First order estimate. Multiply momentum equation by u.

1d 2 1d , )
2 dt [/F(t)w' ] <2 m [m1|V1| + J1 | | } +2|Bl|w1—|—p,/]:(t)|Vu| ,

1d 2 2 2
>t [m1|V1| + J1|ws| +/]—'(t)|U|
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Construction of solutions From local to global solutions

Formal estimates
B; = B(O,R)

Assume (u,p, G, Vi,ws) is a solution to (v-FSIS)

Second order estimate. Multiply momentum equation by ocu.

/ (Btu+u-Vu)dwu = divX(u,p)-u
F(t)

F()
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Construction of solutions From local to global solutions

Formal estimates
B; = B(O,R)

Assume (u,p, G, Vi,ws) is a solution to (v-FSIS)

Second order estimate. Multiply momentum equation by ocu.

/ (Gtu+u-Vu)du = / >(u,p)ny - dudoy — ZM/ D(u) : D(d:u)
F(t) OBy (t)

F(t)
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Construction of solutions From local to global solutions

Formal estimates
B; = B(O,R)

Assume (u,p, G, Vi,ws) is a solution to (v-FSIS)

Second order estimate. Multiply momentum equation by ou.

. . d
/ (Bu 4+ u - VU) u = my |V |2 +Js]in [ — = M/ ID(u)?
F(t) dt F()

i /F ORI
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Construction of solutions From local to global solutions

Formal estimates
B; = B(O,R)

Assume (u,p, G, Vi,ws) is a solution to (v-FSIS)

Second order estimate. Multiply momentum equation by ou.

. . d
/ (Bu 4+ u - VU) u = my |V |2 +Js]in [ — = M/ ID(u)?
F(t) dt F()

+WLJwvwww

where
/ (atu+u-w)atu—/ (Vi V)ID(U)P >
F(t) F(t)

§/ Bl — Cllu - Vu; LA(F ()|
4 Jrn

— e VAU LAF®)IP — CIVallVus LAF ()P
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Construction of solutions From local to global solutions

Formal estimates
B; = B(O,R)

Assume (u,p, G, Vi,ws) is a solution to (v-FSIS)

Second order estimate. Multiply momentum equation by o:u.

/ (8tu+u-Vu)8tu:m1|\'/1|2+$l1|w12—E M/ ID(u)[?
F() dt F(1)

T \Z8 IO
F(t)
where
/ (atu+u-w)atu—/ (Vi V)D(U)P >
F(t) F(t)
1 2 1 Y2 -2
5/;@) orul’ = = [maVal® + 3ufin ]
=€ [Vaf* + flu: HH (O, )P I 9us LA (F ()

Embedding : H! c L* + interpolation inequality
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Construction of solutions From local to global solutions

Formal estimates
B; = B(O,R)

Assume (u,p, G, Vi,ws) is a solution to (v-FSIS)

Second order estimate. Multiply momentum equation by o:u.

/ (8tu+u-Vu)8tu:m1|\'/1|2+$l1|w12—E M/ ID(u)[?
F() dt F(1)

o / (V1-V)[D(u)[.
F(t)
where

/ (atu+u-w)atu—/ (Vi V)D(U)P >
F(t) F(t)

1 2 1 Y2 -2
= O — = |m|V J
3 ., 10 =5 [maaf + e

=€ [Vaf* + flu: HH (O, )P I 9us LA (F ()
Embedding : H! c L* + interpolation inequality

sup [[u®; HY(F(1))I| < C(uo, Vi, wi, T).
(0.1)
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From local to global solutions
CaseN >1and Q cc R?

With a similar construction, it yields :

Theorem
Given a source term f € L2 (0, oo; W1 >°(Q) N L2(Q)), we assume initial data
(u®, (G2, V2, w)icq1,....ny) satisfying a no-contact assumption and
u® e HY(F(0)), divu®=0, vxe F(0),
and
W)=V 4w’ x (x-GY), VxedBi(0), Vie{l,...,N}.

Then, there exists a maximal T.. such that there exists a unique strong solution to
(v-FSIS) on (0, T.) with the given initial data. Moreover, there holds the alternative

@ either T, = 400,
@ or T, < oo and liminf inf < inf{dist(Bi(t), Bj(t))},
t—Ts i#

1d
24t |

_inf{disi(Bi(t),092)} } = 0.

N N
+2y Bl [
=1

i=1 i

(mi \AREN |wi|2) +/ |ul?
F)
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From local to global solutions
CaseN >1and Q cc R?

With a similar construction, it yields :

Theorem
Given a source term f € L2.(0, co; WH(Q) N L%(Q)), we assume initial data
(u% (G, V2, w)ic1,...ny) satisfying a no-contact assumption and

.....

u® e HY(F(0)), divu®=0, vxe F(0),
and
W) =V 4+uw’ x (x—GY), VxedBi(0), Vie{l,...,N}.
Then, there exists a maximal T.. such that there exists a unique strong solution to
(v-FSIS) on (0, T.) with the given initial data. Moreover, there holds the alternative
@ either T, = +oo,

@ or T. < oo and Iitminf inf ig_f{dist(Bi(t),Bj(t))},_ |nf {dlst(B ), 092) }} =0.
—Tx i#

Question : Does contact mean a "real" blow-up ?
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